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ABSTRACT  The  effective hydrodynamic radii  of small uncharged  molecules 
in dilute aqueous solution were determined using Einstein's classical  theory of 
viscosity. The radii thus obtained are those of a hypothetical sphere whose hydro- 
dynamic behavior is the same as that of the solute molecule plus that water of 
hydration which is too firmly bound to partake in the viscous shearing process. 
The results obtained compare favorably with radii determined from molecular 
models constructed in accordance with atomic dimensions compiled by Pauling. 
Although  the  application  of the  Einstein  theory  to  molecules whose  size  is 
comparable to that of water represents a considerable extrapolation, the results 
suggest that this deviation from the assumptions of the theory, in the case of the 
molecules studied, is of second order importance. 
Employing the viscometric radii, we have formulated an empirical correction 
of the  Stokes-Einstein diffusion equation.  This correction is similar  in form to 
those previously proposed by Cunningham  (22)  and  Millikan  (91)  and  is of 
particular significance when the solute molecule is comparable in size to the dis- 
continuities  of the surrounding  medium.  The molecular radii  of a  number of 
small  organic  molecules obtained  by means  of the  corrected  Stokes-Einstein 
equation  do  not  differ  significantly  from  the  radii  obtained  from  molecular 
models of these compounds. 
Few satisfactory methods are available for the evaluation of the sizes of small 
uncharged  molecules as they exist in dilute aqueous solution.  In the case of 
molecules not much larger  than water,  in the range of 3  to 5/~,  the existing 
methods are especially unsatisfactory. Radii determined from either molecular 
models  or  crystallographic  studies  make  no  allowance  for  hydration  in 
aqueous  solution.  Electrostriction  introduces  an  additional  theoretical 
drawback  to  calculations  based  on  the  partial  molal  volume  of  solute  in 
aqueous  solution  (1).  The  use  of the  Stokes-Einstein  diffusion  relationship 
for  the  determination  of radii  of small  molecules  has  been  criticized  (2), 
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and several corrections have been proposed for systems in which the size of 
the solute molecule approaches that of the solvent (~, p.  125; 4). 
We  have  employed Einstein's  classical  hydrodynamic  treatment  of vis- 
cosity  (5,  6)  for  the determination of the  effective hydrodynamic radii  of 
small  molecules in  dilute  aqueous  solution.  The  theory proposes  that  the 
effect of solute particles in viscous flow is to distort the stream-lines of solvent 
flow, thereby introducing a  rotational quality to the previously irrotational 
flow.  This  obstructing  action  increases  the  energy  dissipated  at  constant 
shear  velocity  and,  hence,  the  coefficient of internal  friction  or  viscosity. 
Einstein further showed  that  when rigid  uncharged spheres  are  randomly 
dispersed in  an incompressible medium, the viscosity of the pure solvent is 
increased according to the relationship: 
n  =  no(1  +  2.5~)  ( l ) 
where y  =  the viscosity of the solution, To  =  the viscosity of the pure solvent, 
and •  =  the volume fraction of the hydrated solute molecules. The applica- 
tion  of this  treatment  to  molecules whose sizes  are  comparable to  that  of 
water represents a considerable extrapolation since the theory was developed 
on the assumption that the solute molecule is large compared to the solvent. 
Nonetheless, Einstein used this method in his original paper to determine the 
radius and hydration of sucrose, a molecule whose radius is only three times 
greater than that of water. The validity of Einstein's theory has been experi- 
mentally confirmed for suspended particles with radii as small as 50 A  (7) 
and for colloidal suspensions up to volume fractions of 3 per cent (8). Several 
modifications have been developed (9-11)  for more concentrated solutions. 
The viscometric method has been used by Robinson and Stokes (3,  p.  306) 
to  calculate  hydrated  molar  volumes for  glycerol  and  sucrose.  Similarly, 
Pappenheimer et al.  (12) have computed radii of 3.8 .~ for glucose, 5.0/~ for 
sucrose, and 5.7/~ for raffinose from viscometric data. 
The  effective hydrodynamic radius  may  be  defined  as  the  radius  of a 
rigid uncharged sphere which exhibits the same hydrodynamic behavior as 
the  solvated  molecule in  solution,  thus  including that  water  of hydration 
which is too firmly bound to participate in the viscous shearing process.  In 
the present experiments, the problem of concentration dependence has been 
avoided by extrapolation of the reduced viscosity to infinite dilution when 
the precision of the measurements warranted it. Otherwise an average value 
of the reduced viscosity at low concentrations has been used. The equation 
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where  C  is  the  concentration  of solute in  molar  units.  The  effective hydro- 
dynamic radius,  r  (in em), is given by 
r(750~/~rNC)  113  1300  {(~//~  --  1}1~/3  =  =  lim  (  3  ) 
~N  c....o 
where N  is Avogadro's number. 
MATERIAL  AND  METHOD 
The  relative  viscosities  of dilute  aqueous solutions  of five small  organic  molecules 
(dextrose, mannitol, arabinose, ribose, and erythritol) were determined using a  modi- 
fied Ostwald viscometer  (13).  The  total capillary length  was 358  mm with a  bore 
diameter of 0.6 ram. The working volume was 5  ml with an efflux volume of 2.5 ml. 
The emux time for water was 378.3  -4-  2.3  (S.D.)  sec. Much of the variability was 
due to the difficulty in repositioning  the viscometer after removal for cleaning pur- 
poses. Consequently,  the effiux times of any given solute concentration were deter- 
mined without changing  the position of the viscometer, washing  and drying being 
carried out in situ. Using these methods, efltux times were reproducible to better than 
0.2 per cent.  No values were accepted unless three consecutive runs yielded efflux 
times  agreeing  within  I  part  in  100. Occasional  values were discarded  because of 
wide  discrepancies  ascribed  to  contamination  with  dust.  Relative  viscosities  were 
calculated by standard  methods,  neglecting kinetic corrections because of the long 
effiux time and low effiux volume. When densities of the solutions being tested were 
not  available from  standard  reference  sources,  they were  determined  in  duplicate 
using a 25 ml pycnometer. All experiments were carried out at 25.00 +  0.01 °C. 
RESULTS  AND  DISCUSSION 
Viscosities measured  over the  concentration  range  from  0.01  to  0.15  M are 
given in Table I, together with the calculated hydrodynamic radii.  Table II 
gives the hydrodynamic radii  of a  few additional lipid-insoluble non-electro- 
lytes calculated from values of viscosities obtained from the literature.  As can 
be  seen  from  our  data,  the  effective hydrodynamic  radii  show  very  little 
dependence  on  concentration.  A  similar  conclusion  may  be  drawn  from 
examination  of the viscosity data of other  non-electrolytes,  such as raffinose 
(14),  sucrose,  and  urea  (15). 
The effective hydrodynamic radii also depend on temperature; for example, 
the  extrapolated  viscometric  radius  of raffinose  is  6.4  /k  at  0°C,  6.1  ~  at 
25°C, and 5.8/k at 50°C (14). Two points are to be noted. First, the decrease 
in the effective hydrodynamic radii with increasing temperature is consistent 
with a  decreased degree of molecular hydration.  Second, the relatively small 
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TABLE  I 
VISCOSITIES  AND  EFFECTIVE  HYDRODYNAMIC 
RADII  OF  SOME  NON-ELECTROLYTES 
•  i96x 
Effective hydro- 
Solute  Concentration  Specific  viscosity  Reduced  viscosity  dynamic  radius 
Erythritol 
Ribose 
Arabinose 
Mannitol 
Dextrose 
moles/liter  liters~molt  J 
0.01  0.00354  0.354  3.7 
0.05  0.0138  0.275  3.4 
0.10  0.0289  0.289  3.5 
O. 15  0.0546  0.364  3.7 
0.05  0.0153  0.306  3.6 
0.10  0.0314  0.314  3.7 
0.15  0.0449  0.299  3.6 
0.05  0.0151  0.302  3.6 
0.10  0.0439  0.439  4.1 
0.15  0.0540  0.359  3.8 
0.05  0.0249  0.498  4.3 
0.10  0.0430  0.430  4.1 
0.15  0.0825  0.550  4.4 
0.02  0.0117  0.585  4.5 
0.05  0.0208  0.416  4.0 
0.10  0.0470  0.470  4.2 
suggests that long range solute-solvent interactions are of second order impor- 
tance for this compound. Suppose the effect of the solute were to disorder the 
quasicrystalline structure of water,  as in the case of some ionic species. The 
microscopic viscosity in  the  neighborhood of each  particle  would then  be 
reduced, and we would obtain erroneously low values for the effective hydro- 
TABLE  II 
CALCULATED EFFECTIVE  HYDRODYNAMIC  RADII* 
Solute  Effective hydrodynamic  radius  Reference 
d 
Urea  1.8  (15) 
Glycerol  3.1  (16) 
Galactose  4.2  (14) 
Sucrose  5.2  (15) 
Lactose  5.4  (14) 
Raffinose  6.0  (14) 
* The International Critical Tables  (14)  give data for the specific viscosity of maltose. Since 
this figure is greater by almost 10 per cent than the specific viscosities of both lactose and sucrose, 
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dynamic radius. At higher temperatures with the water structure disrupted 
by increased thermal agitation,  the disordering effect of the solute particle 
would  be  minimized or  negated,  leading  to  an  increase  in  the  calculated 
effective hydrodynamic radius.  The observed small decrease would suggest 
either  that  long range solute-solvent interactions are  not important in the 
parameter  we  have  computed or  that  a  decrease  in  hydration  outweighs 
these interactions. The effect of temperature variations on the effective hydro- 
dynamic radii of urea and glycerol is in the same direction and smaller than 
that observed for raffinose. 
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F1oul~.~  1.  A  comparison  of  the  effective  hydrodynamic  radii  with  radii  derived 
from molecular models. 
In Fig.  1 and Table III, the effective hydrodynamic radii have been com- 
pared  with  radii  determined from  molecular  models  according  to  Stuart 
and Briegleb. 1 These values were  obtained  by  measuring  three  mutually 
perpendicular dimensions (including the longest and shortest) of each molecu- 
lar  model,  arranged  in  a  variety of spatial  configurations (17).  As  can  be 
seen, the model radii closely approximate the effective hydrodynamic radii 
in the 3 to 5 .~ range. The radii for di- and trisaccharides cannot be reliably 
determined by molecular models because of the great number of markedly 
different spatial configurations of the models. The dimensions of the models 
show that it is reasonable to assume that these small molecules are spherical. 
In no case did a dimension in on, direction exceed that in another by a factor 
of more than two.  Using the equations given by Mehl, Oncley, and  Simha 
1  Manufactured  by E. Leybold's Nachfolger, Cologne, West Germany. i~94  THE  JOURNAL  OF  GENERAL  PHYSIOLOGY  •  VOLUME  44  "  I96I 
(18), it can be shown that the error introduced by treating the molecules as 
spheres has a  maximal value of 6 per cent or 0.3/k for the monosaccharides. 
Two empirical arguments support the application of Equation 3 to mole- 
cules  whose radii  approach that of the solvent.  Between  the three  carbon 
glycerol molecule and  the eighteen carbon raffinose molecule, the effective 
hydrodynamic  radii  gradually  increase  in  size  without  any  discernible 
discontinuities which might define a lower limit of applicability of the theory 
(Table  III).  Furthermore, good agreement with the molecular model radii 
TABLE  III 
COMPARISON  OF  MOLECULAR  RADII 
Anhydrous  Partial molal 
Viseometric  Model  Stokes-Einstein  mole volume*  volumes 
2  2  2  2 
Urea  1.8  2.3  1.7  2.6  2.2 
Glycerol  3.1  2.9  2.6  3.1  3.0 
Erythritol  3.5  3.2  --  3.2  -- 
Ribose  3.6  3.5  3.1  --  -- 
Arabinose  3.8  3.5  3.1  --  -- 
Mannitol  4.2  4.0  3.6  3.6  -- 
Dextrose  4.2  3.9  3.6  3.6  3.5 
Galactose  4.2  3.9  3.6  -- 
Lactose  5.4  --  4.9  4.5  -- 
Sucrose  5.2  4.5  4.6  4.4  4.4 
Raffinose  6.0  --  5.7  5.4  4.9 
*  Determined  from  (3M/4roN) tl3 where  M  is the molecular  weight,  p  is the 
cm 3,  and  N  is Avogadro's  number. 
:~ Determined  from  (3¢/4rN)  lt3 where ¢  is the partial  molal  volume. 
density  in grams/ 
constructed in acco~ dance with the crystallographic data collected by Pauling 
(19)  offers a  comparison independent of the assumptions of classical hydro- 
dynamic theory (Fig.  1). 
In the case of urea,  the calculated effective hydrodynamic radius differs 
from the model radius by a  factor of 20 per cent.  One explanation for this 
discrepancy is that the errors introduced by the application of classical hydro- 
dynamic  theoiy  to  these  systems  become  appreciable  with  molecules  the 
size of urea. An alternative explanation is that the large departure of solutions 
of urea from ideal behavior is  due to the large permanent dipole moment 
and hydrogen-bonding capacity of urea.  Indeed, it is reasonable to suppose 
that the assumptions of classical hydrodynamic theory are least applicable to 
systems in which molecular interactions result in wide departures from ideal 
thermodynamic behavior. 
Fig. 2 and Table III compare the calculated effective hydrodynamic radii 
given in Tables I and II with radii obtained from the Stokes-Einstein equation. SCt-IULTZ AND SOLOMON  Determination  of Hydrodynamic Radii of Small Molecules  t x95 
Longsworth (2)  has shown that as the size of the solute molecule approaches 
that  of the  solvent,  the  Stokes-Einstein equation  predicts radii  which are 
smaller than those computed from the molar volume of the solute at infinite 
dilution,  in  agreement with  the  present results.  Longswoith further states 
that the Stokes-Einstein equation may be expected to apply at a solute-solvent 
volume ratio of about 5 to 1, which would correspond to a radius ratio of 1.7 
to  1. However, as can be seen from Fig. 2, an appreciable discrepancy exists 
between the  viscometric and  Stokes-Einstein radii  at  solute-solvent radius 
ratios as high as 3 to 1. The empirical correction of Robinson and R. H. Stokes 
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Fmu~  2.  A  comparison of the effective hydrodynamic radii with those obtained by 
use  of the  Stokes-Einstein  equation  and  the  corrections  proposed  by  Robinson  and 
R. H. Stokes (3, p. 125) and Gierer and Wirtz (4).  The straight line is the line of identity. 
(3, p.  125) does not lead to radii that agree better than those calculated by 
the original Stokes-Einstein equation, as shown in Fig. 2. A similar conclusion 
may be reached with respect to the theoretical correction derived by Gierer 
and Wirtz (4). 
The application of Stokes' law to the determination of the force required to 
propel  a  sphere  at  a  constant velocity through a  given fluid is  subject to 
several restrictions. As pointed out by Stokes in his original article (20), the 
derived force represents only that fraction of the total required force which 
is dependent upon the first power of the velocity. That fraction of the total 
force which is dependent upon the square of the velocity and which arises 
from the fact that the moving sphere must overcome the inertia of the fluid I~96  THE  JOURNAL  OF  GENERAL  PHYSIOLOGY  •  VOLUME  44  "  I96I 
molecules with which it collides, thereby imparting to them a kinetic energy, 
is not considered. This factor would be expected to increase in significance 
when  the mass  of the  sphere  approaches  that  of the  solvent molecule.  In 
addition, the Stokes formulation was derived under the assumption that the 
retarding force which the fluid exerts on the moving sphere can be integrated 
over the surface area  of the sphere. This implies that the surrounding fluid 
may  be  considered  a  homogeneous continuum and  would  apply  only  to 
cases in which the sphere is very large compared with the discbntinuities in 
the medium. From these considerations, deviations from Stokes' law might 
be expected when the inhomogeneities of the medium, that is,  the distance 
between  solvent  molecules,  become  comparable  to  the  dimensions of  the 
sphere. 
The validity of Stokes' law,  under experimental conditions which strictly 
adhered  to  the restrictions  set forth  by  Stokes,  has  been  demonstrated  by 
Arnold (21) working in Millikan's laboratory.  Cunningham (22), from theo- 
retical considerations, derived a  corrected form of Stokes' law for the case of 
a  small  sphere  moving through  a  gaseous  medium,  where  the  mean  free 
path of the gas molecules, d, approaches the radius of the sphere, r.  Under 
these conditions, the force is given by 
F--  6 ~-~/vr[l -b  1.63(d/r)] -~  (4) 
where ~/is the viscosity of the medium and v is the velocity of the sphere. 
Similarly, Millikan  (21)  proposed that for spheres with radii comparable 
in size to the mean free path of the gas molecules in the surrounding medium, 
Stokes' law can be corrected by a power series of the form, 
F  =  6 ~r~/vr[I -b A(d/r)  .-[- B(d/r)'  "k  "" .]-i  (5) 
where A, B,...  are empirical coefficients. If the uncorrected Stokes radius is 
denoted by re, the corrected radius, r~, is given by 
,o  =  r E1  +  a(g/ro)  +  B(d/,o),  +  ...2  (6) 
The validity of this correction was demonstrated by Millikan in experiments 
in which the mean free path was altered by varying the gas pressure. Terms 
in the second and higher powers were not required. 
A  similar  equation  may  be  used  to  correct  the  Stokes-Einstein radii in 
solution, 
r,  =  r,[1  +  A(a/r,)]  (7) 
in which r~ is the viscometric radius. A  graphical solution for the molecules, SCHULTZ ANn  SOLOMON  Determination  of Hydrodynamic Radii of Small Molecules  1  I97 
urea,  glycerol,  arabinose,  mannitol,  lactose,  sucrose,  and  raffinose,  gives  a 
best fit for Ad  =  0.5 ~. The validity of Equation 7 and the correction factor, 
Ad  =  0.5/~,  may be tested  by applying  a  similar  equation  to the diffusion 
data given by Longsworth  (2)  and others  (14,  23), 
rc  =  r,[1  -Jr- (0.5/rc)]  (8) 
The  agreement  of these  corrected  values with  the  molecular  model radii  is 
shown  in  Fig.  3.  The  least  squares  fit of the corrected radii  does not differ 
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FIGURS 3.  A comparison of radii obtained from molecular models with those calculated 
from  the  limiting diffusion coefficient in  aqueous solution using the  Stokes-Einstein 
relation in both the original and corrected form. The least squares fit of the corrected 
radii does  not differ significantly from the line of identity. 
significantly from the line of identity. The least squares line for the uncorrected 
radii intersects the line of identity where r,  =  11.5/~.  This is consistent with 
the observations that the Stokes-Einstein radius and the viscometric radius of 
inulin are  15.2/~ and  15.3 ~  respectively (12). 
Longsworth has  stated  (2)  that  the factor  6  7r in  the denominator  of the 
Stokes-Einstein equation is too large for small molecules and should be replaced 
with  a  factor  between  3  7r  and  6  7r.  Equation  8  shows  that  this  factor  lies 
between 4  7r and  6 7r,  increasing with the radius of the molecule. 
At first sight,  the close agreement between the model radii which represent 
unhydrated  radii,  and  the effective hydrodynamic  radii,  which  presumably 
include  that  water  of hydration  which  resists  the  shearing  process,  would 
seem to preclude any significant  degree of hydration.  However, as shown in 
Fig.  1,  the model radii  are,  except for urea,  uniformly smaller  than  the vis- 
cometric radii,  and a  hydration number may be calculated.  In Table IV we IX98  THE  JOURNAL  OF  GENERAL  PHYSIOLOGY  •  VOLUME  44  '  I961 
have  calculated  the  hydrated and  anhydrous volumes  using  the  effective 
hydrodynamic  radii and the model radii respectively, for those cases in which 
the model radii are thought to be reliable. Using a value of 1.5 A  (3, p.  11) 
for the radius of the water molecule, one can derive the approximate  hydration 
number for each solute. The value of 1.6 obtained for glycerol agrees reason- 
ably well with the value of 1.2 which has been derived from thermodynamic 
considerations  and  the  observed  activity  coefficients  of  aqueous  glycerol 
solutions (3, p.  243). 
TABLE  IV 
HYDRATION  NUMBERS  OF  SOME  NON-ELECTROLYTES 
Hydrated volume  Unhydrated volume  Hydration No. 
A s  A3 
Glycerol  124  102  1.6 
Erythritol  179  137  3.0 
Ribose  194  179  1.1 
Arabinose  199  179  1.4 
Mannitol  310  268  3.0 
Dextrose  310  247  4.5 
Galactose  310  247  4.5 
The present paper is concerned with a unified approach to the determina- 
tion of the hydrated radii of small non-electrolytes in aqueous solution. The 
viscometric method of Einstein has been extended to molecules whose radii 
are only some 50  per cent larger than water. The results obtained by this 
method are in good agreement with radii measured from molecular models. 
The corrections to the Stokes-Einstein equation that have been found appli- 
cable to gases have been extended to aqueous solutions, and an equation has 
been developed which brings the corrected Stokes-Einstein radii into agree- 
ment with  those measured by the  viscometric method,  or  from molecular 
models. In consequence, it is now possible to calculate consistent values for 
the radii of small molecules in aqueous solution from measurements of either 
the specific viscosity or  the diffusion coefficient. 
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